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Abstract—Approximations to the union bound performanceof sequence
detection in the presenceof colored noise and an algorithm to compute
bit error and error event probabilities are presentedand compared to bit-
by-bit simulation results. Thesecomputations,which are very accurateat
bit error probabilities �����
	�� , are then usedto analyzethe performance
of standard and reverse concatenatedReed-Solomon/modulationcoding
schemesfor generalizedpartial responsechannels corrupted by colored
noise. The analysis is used to determine the optimum RS code rate for
recordingsystemsthat are of current interest.
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I . INTRODUCTION

ARTIAL responseclass4 (PR4)andextendedPR4chan-
nels(see[5] andreferencestherein)have beenthestateof

the art in disk drivesuntil quite recently. At high linear den-
sitiesgeneralizedpartial responsepolynomialswith real coef-
ficientsprovide a bettermatchto the discrete-timeresponseof
the recordingchannelthanmonicpolynomialswith integerco-
efficients. This classof polynomials,whencombinedwith se-
quencedetection,givesrise to noise-predictive maximumlike-
lihood (NPML) systems[8], [6]. Currently, 16-stateNPML de-
tectorsfor generalizedpartial responsechannelswith a first or-
dernull at DC operatingat ratescloseto 1 Gbit/s representthe
stateof theart in thediskdrive industry.

Error control codinghasplayedan importantrole in the de-
sign of the overall recordingsystem. In disk drives the usual
codingschemefor partial responserecordingchannelsis con-
catenatedcodingwith anouterReed-Solomon(RS)codeandan
innermodulation/paritycode[4]. In this typeof codingscheme,
which is alsoknown asstandardconcatenation,theuseof high-
rate modulationcodeswith block sizesvarying from say two
to eight bytesleadsto either weak codeconstraintsor an in-
creaseof errorpropagationat themodulationdecoder. This fact
coupledwith the desireto performsoft-decisiondecodinghas
led to renewedinterestin reverseconcatenation[2]. For a PR4
sequencedetectoranda concatenatedcodingschemebasedon
RScodeswith 8-bit symbolsandrate-16/17modulationcodes,
reverseconcatenationpermitsthe useof threeinterleaved RS
codewordspersector, whereasstandardconcatenationrequires
at least four interleaved RS codewords per sectorto achieve
goodoverallperformance[9].

Unionboundsfor intersymbolinterferencechannelsthatesti-
matetheperformanceof a sequencedetectorin thepresenceof
whiteandcoloredGaussiannoisehavebeenderivedin [10] and
[11], respectively. An exactcomputationof theseunionbounds
using generating-functionmethodssimilar to thoseemployed
in [10] and[11] is possibleonly in the caseof white Gaussian
noise.This is dueto the fact that thenoisevarianceassociated
with anerroreventin thepresenceof colorednoise,alsoknown
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asthe modifiedvariance,dependson the particularerror event
underconsideration.In this paper, we presentapproximations
to the unionboundin [11] andanalgorithmto computebit er-
ror anderror event probabilitiesfor sequencedetectionin the
presenceof colorednoise. Theseprobabilitiesarethenusedto
evaluatethe overall performanceof a recordingsystemby fol-
lowing ananalyticapproachsimilar to theonegivenin [9].

Thepaperis organizedasfollows. In SectionII, the record-
ing systemmodelincludingerrorcorrectioncodingandmodula-
tion codingis describedandtheequivalentdiscrete-timemodel
of the recordingchannelis introducedin form of a generalized
partial responsechannelimpairedby colorednoise. In Section
III, methodsof computingapproximationsto the bit error and
error event probabilitiesat the outputof the sequencedetector
are developedand comparedto resultsobtainedby computer
simulation. In SectionIV, the performanceof standardandre-
verseconcatenatedRS/modulationcoding schemesfor gener-
alizedpartial responsechannelscorruptedby colorednoiseis
analyzed.In particular, theoptimumRScoderateis determined
for thecodingschemesthatareusuallyusedin diskdrives.

I I . RECORDING SYSTEM MODEL

A block diagramof the recordingsystemmodelconsidered
in this paperis shown in Fig. 1. The outerRS encoderoper-
ateson 8-bit symbols(bytes)andcancorrectup to � bytesper
RS codeword. A 512-bytesectoris encodedinto ����� or 4
RScodewordsthatarebyte-interleavedandfed to themodula-
tion encoder. Theinnercodeis ahigh-ratemodulationcodethat
imposesconstraintsto aidtiming/gainrecoveryandavoid quasi-
catastrophicerrorpropagationat theoutputof thesequencede-
tector. Clearly, thedesirablepropertiesof the innermodulation
codeis high coderateandsmallerror burstsat the modulation
decoderoutput.

The binary outputsof the modulationencoderare mapped
into bipolarsymbols+1 and-1, which arewritten ontothedisk
in form of a positive or negative magnetizationalonga circu-
lar track. The datasequenceis readback from the head/disk
assemblyasananalogsignal.After low-passfiltering andsam-
pling, thesignalis shapedinto a partial responsesignalformat
by theequalizer. Thepower of thetotal distortionat theoutput
of theequalizeris reducedby noiseprediction[3], [8]. Adopt-
ing a linearmodelfor theread/writeprocess,thechainof signal
processingfunctionsincluding read/writeheads,preamplifier,
automaticgain control, low-passfiltering, sampling,equaliza-
tion andnoisewhiteningis modeledby the generalizedpartial
responsepolynomial ������������� �"!# $&%(' # � # where ) is the
channelmemoryand ' # arerealcoefficients.

Figure 2 depictsthe equivalent discrete-timemodel of the
recordingchannelextendingfrom theoutputof themodulation
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encoderto theinputof thesequencedetector. Theinputdatase-
quence

�
*(+ � to thegeneralizedpartialresponsechannelis bipo-
lar, i.e.,

*(+-, �/. �102�3�4� . The sequenceof colorednoisesam-
ples
�
56+ � at the input of the sequencedetectorare generated

by passingthe sequenceof white noisesamples
�
7&+ � through

anequivalentfilter 89����� that representsthecombinationof the
low-passfilter, the equalizerand the whiteningfilter. Finally,
the sequencedetectorprovidesdelayedestimates

�(:*(+ � of the
bipolarsymbolsthathavebeenfed to therecordingchannel.

I I I . DETECTOR PERFORMANCE IN THE PRESENCE
OF COLORED NOISE

Let ; be an error event of length < that is characterizedby
the input error sequence=?>@����� � * ����� .A:* ����� of length< . As the generalizedpartial responsechannelis linear and
time-invariant, the output error sequencecan be expressedas=?B���������=?>C�����D������� . The squaredEuclideandistanceasso-
ciatedwith a particularerror event ; of length < is definedas
theenergy of thecorrespondingoutputerrorsequenceof length<(�E) , i.e., F/G �H;&�I�KJ J =?B@J J G4L (1)

At the outputof a sequencedetectorlet M # denotethe setof
all erroreventsof length < and N # denotetheprobability thatan
error burst of length < startsat a particular time instant. The
union boundstatesthat the probability of a union of eventsis
lessthanor equalto the sumof their individual probabilities.
Consequently, N # � Pr��M # �PORQS6T/UWV Pr�H;&� L (2)

Similarly, anupperboundontheprobabilityof bit error XZY at
theoutputof thesequencedetectoris givenbyXZY[O\QS6T/U^] �H;&� Pr �H;&� (3)

where] �H;&� is theHammingweightof theerrorevent ; , which
is definedas the numberof nonzerocoefficients in the corre-
spondinginput error sequence,Pr�H;&� is the probability of the
errorevent ; and M is thesetof all possibleerrorevents.

In the following we classify the error events by their Eu-
clideandistance.Let ;`_ a1b ced be the f -th error event with dis-
tance

F a . Furthermore,] a1b c denotesthe Hammingweight of
the error event ;`_ a1b ced and

7 �Hg&0�fh� denotesthe length of the
correspondingoutputerror sequence.Now we definethe vec-
tor i a1b c asthecolumnvectorcorrespondingto thenormalized
outputerrorsequence,i.e.,i a1b c � =?B��H;`_ a1b cedD�J J =?B��H; _ a1b ced �jJ J L (4)

We now reformulatethe bit error and error event probabil-
ity resultsderivedin [11] by usingtheerroreventclassification
thatwehave introduced.For thispurposethemodifiedvariancek Ga1b c associatedwith anerrorevent ;`_ a1b ced is definedasthevari-
ancealongthevector i a1b c . Themodifiedvarianceis givenby
thequadraticform k Ga1b c �"imla1b con i a1b c 0 (5)

where n is the
7 �Hg&0�fh�`p 7 �Hg&0�fh� covariancematrixassociated

with thesequenceof colorednoisesamples
�
56+ � .

The bit error probability of the sequencedetectoris then
boundedbyXZY[OqQ a Q c ] a1b csr\t F au k a1b c�v u6wyxWz
{ | 0 (6)

where r �D} � representsthe tail integral of the zero-mean,unit
variancenormal distribution and ] a1b c denotesthe Hamming
weightof the f -th erroreventwith distance

F a . Similarly, the
errorburstdistribution N # canbeboundedbyN # O~Q a Q c r\t F au k a1b c�v u6wyxWz
{ | 0 (7)

wherenow only errorevents ;`_ a1b ced , M # thathave distance
F a

andlength < areconsidered.

A. Approximations to the union bound

For maximum-likelihoodsequencedetectionin the presence
of white Gaussiannoise it is commonpracticeto obtain first
orderapproximationsto union boundsby consideringonly er-
ror eventswith minimumdistance.Clearly, tighterboundscan
be obtainedif the computationsalso include error eventsthat
have distancelarger than the minimum distance. In the case
of colorednoise,the upperboundson bit error anderrorevent
probabilitiesin Eqs.(6) and(7) arealsoobtainedasa sumover
infinitely many terms. However, the contribution of eachterm
in Eqs.(6) and(7) is mainlydeterminedby theratio � zG?� z
{ | asso-
ciatedwith anerroreventratherthanjust theEuclideandistance
of an error event as in the caseof white noise. Consequently,
thefollowing approximationsto theunionboundconsideronly
erroreventsthatsatisfythecriterionF au k a1b c O�� c[� >@0 (8)

where � c[� > is a predeterminedquantitythatshouldbeselected
judicously. We remarkthat,while the selectionof errorevents
accordingto their distancecanbe doneefficiently in the white
noisecaseby exploring error flow graphsassociatedwith the
channelpolynomial [10], [11], thereis no simplesolution for
evaluatingthemodifiedvariance.Therefore,to furthersimplify
the selectionof error eventsan upperboundon the modified
variancethatdependsonthelengthof theoutputerrorsequence
is obtained.It canbeshown that thefollowing upperboundon
themodifiedvarianceresultsfrom applyingSchwarz’s inequal-
ity to thequadraticform in (5)k Ga1b c O k G 7 �Hg&0�fh�jJ J 8&J J G 0 (9)

where k G is thevarianceof thewhite noise
�
7 # � . Thefirst sum

in Eq. (6) cannow berestrictedonly to erroreventsthatsatisfy
theconditionF a O F c[� >3� u � c[� > k`� 7 �Hg&0�fh�jJ J 8&J J 0 (10)

andtheresultingprobabilityof bit errorisXZY[O Qa6� � z4� � |9��� Q c ] a1b csr\t
F au k a1b c�v u wyxWz
{ | L (11)
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Similarly, thebursterrordistribution N # canbeapproximatedasN # O Qa6� � z1� � |9��� Q c r\t
F au k a1b c�v u6wyxWz
{ | 0 (12)

where again only error events ; _ a1b ced with distance
F a and

length < areconsidered.
Summationover f in the above equationsmay involve an

infinite numberof termswith thesamedistancedueto thepres-
enceof oneor morezero-cycles[1]. A zero-cycle is a subevent=?B������ that canberepeatedany numberof timeswithout accu-
mulatingEuclideandistance.Theremaybemany zero-cyclesin
anerrorevent.In general,thezero-cyclesoccurif thefrequency
responseof thechannelhasspectralnulls. Magneticrecording
channelshave a spectralnull at dc andthereforeexhibit zero-
cycles.

In the following we will call erroreventsthatdo not contain
zero-cycleselementaryerror events. Let us assumethat

79� B �
zero-cyclesareaddedto anelementaryerrorevent,i.e. theinput
errorsequenceis=?>3��� =?> b % :=?> b % LjLjL =?> b �1�H��� :=?> b �1�H��� =?> b �1�H����� %?� 0
where =?> b c is an elementarysubevent and

:=?> b c is a subevent
madeof therepetitionof azero-cycle.

As the filter 89����� hasfinite length ���D� , M�� 56+
5 #H� ��� , forJ � . <�JZ�����D��0 therefore � n ��� b � � � for J ¡ .�¢ JZ�����D� . Now,
if theoutputerrorsequenceis zerobetweenthetime instants� %
and � G dueto thepresenceof zerocycles,and � G . � % �£���D� ,
themodifiedvarianceof thenoisecanbeexpressedask Ga1b c � +2¤Q�¥$&% +2¤Q � $&% � i a1b c ��� � i a1b c � � � n ��� b � (13)

� �6_ a1b cedQ�¥$ +¥¦ �6_ a1b cedQ� $ +¥¦ � i a1b c ��� � i a1b c � � � n ��� b � 0
andthisexpressionis independentof J � G . � % J , thelengthof the
zero-cycle. Therefore,if thereis a sufficient numberof zero-
cycles, the argumentof r �D} � in the above equationsdoesnot
change.

Now let
:] a1b c denotethe Hammingweight of a zero-cycle

and k a1b c denotethe modifiedvarianceof an elementaryerror
event with Hamming weight ] a1b c . Furthermore,we define:§ a1b c � u wm¨xWz
{ | and § a1b c � u wyxWz
{ | . Finally, let © be the
setof all two-tuples �Hg&0�fh� suchthat �Hg&0�fh� is associatedwith
anelementaryerroreventwith Euclideandistance

F a O F c[� > .
Then,by induction,the summationin (11) canbe rewritten as
follows XZYªO Q_ a1b ced T4« r\t

F au k a1b c�v t ] a1b c § a1b c� . :§ a1b c� :] a1b c § a1b c :§ a1b c�D� . :§ a1b c � G v L (14)

Similarly, thebursterrordistributioncanbeexpressedasN # O Q_ a1b ced T4« r\t
F au k a1b c�v t § a1b c� .\:§ a1b c�v 0 (15)

wherethe summationis over elementaryerroreventswith dis-
tance

F a O F c[� > andlength < .
B. A search algorithm for evaluating detector performance

In this subsectionwe giveanalgorithmthatperformsa mod-
ified depth-firstsearchin an error flow graph. The searchpro-
cedureidentifiesthe error eventsthat will be usedto compute
bit error and error event probabilities. Searchalgorithmsfor
characterizingerror eventswith specifieddistanceat the out-
put of partial-responsechannelsof the form �D� . ���Dc¬�D� .��� � 0Zf­0 7­® � havebeenpresentedin [1].

The error flow graph is a directedgraphthat may be con-
structedin the following manner. The statesaredefinedasthe
differencebetweentheactualstateof thegeneralizedpartialre-
sponsechannelandthestateestimatedby thesequencedetector.
The edgesconnectnodessuchthat the first ) . � elementsof
the initial statecoincideswith the last ) . � elementsof the
terminalstate. Eachedgegoing from state � =?>C�¯� . �°�20¥=?>@�¯� .u �20 LjLjL 0¥=?>C�¯� . )P� � to state� =?>C�¯�@�20¥=?>@�¯� . �°�20 LjLjL 0¥=?>@�¯� . )��±�°� �
is weightedwith distance��=?>C�¯�@�9� !Q # $&% =?>@�¯� . <D� ' # � G1L

It is well known that the error flow graph is symmetric,
i.e., the distanceassociatedwith an edge going from state� =?>C�¯� . �°�20¥=?>@�¯� . u �20 LjLjL 0¥=?>C�¯� . )P� � to state � =?>C�¯�@�20¥=?>@�¯� .�°�20 LjLjL 0¥=?>C�¯� . )q�K�°� � is the sameas that of the edgegoing
from state � . =?>@�¯� . �°�20 . =?>@�¯� . u �20 LjLjL 0 . =?>@�¯� . )P� � to state� . =?>@�¯�@�20 . =?>C�¯� . �°�20 LjLjL 0 . =?>@�¯� . )²�³�°� � . This propertyof
errorflow graphscanbeusedto simplify thecomputations.

Thealgorithmstartsfrom thezerostate[0, 0, . . . , 0] andex-
tendsgraduallythepathsconsideringthesuccessorsof thezero
stateandthenthe successorsof the successorsandso on. Let
usreferto thecurrentpathasthetemporarypath.Thecondition� z � � z
{ ´�µ
¶G?� z
{ | O�� c[� > is checked on eachpath extension,whereF a1b � � � is the minimum distanceof the subpathgoing from the
endingstateof thetemporarypathto thezerostateand k Ga1b c is
themodifiedvarianceassociatedwith the temporarypath. The
computationof

F a1b � � � is performedat the beginningof the al-
gorithm, usinga modifiedversionof Dijkstra’s algorithm[7].
Not all thetemporarypathsareconsideredandin particularthe
processof explorationof the successorsstopswhenoneof the
following conditionsis satisfied.
1. If thezerostateis reached,thepathis usedfor thecomputa-
tion of XZY from Eq. (14)and N # from Eq. (15).
2. If theconditionon thedistance-to-modifiedvarianceratio is
not satisfied,thetemporarypathis discarded.
3. If the lengthof a zerocycle repetitionat theendof thetem-
porarypathexceeds���D� , :] and

:§ arecomputedandno more
cyclesareallowedto grow at theendof thetemporarypath.

C. Simulation results

The searchalgorithmpresentedin the previous sectionwill
be usedto computethe bit error probababilityat the outputof
a Viterbi detectorfor a degree-4generalizedpartial response
channelthatis corruptedby colorednoise.Thechannelis char-
acterizedby thepolynomial �������·�³�D� . � G ���D�6�¹¸ % �-�¹¸ G � G �
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whereit hasbeenassumedthat the target of the 10-coefficient
equalizeris �D� . � G � and the predictor has two coefficients
that have beenoptimizedto minimize the noisepower at the
input of the detector. The read/writeprocessextendingfrom
the outputof the modulationencoderto the input of the low-
passfilter hasbeenmodeledasa Lorentzianchannelcorrupted
by additive white Gaussiannoise. Consequently, the noiseat
16-statethe detectorinput canbe representedasfiltered white
noisewherethefilter correspondsto thecombinationof thelow-
passfilter, the 10-coefficient equalizerandthe whiteningfilter�D�P�h¸ % �K�h¸ G � G � with two predictorcoefficients.

Figure3 shows the bit error probability asa function of the
signal-to-noiseratio (SNR) for a Lorentzianchannelwith nor-
malizedlineardensity Xmº³»4�6¼°½ � u L » . Thebit-by-bit simula-
tion resultsagreewell with thecomputedbit errorprobabilities.
The resultsdemonstratethat the computedapproximationsto
the union boundarevery accuratefor XZY¾O¿�
� wyÀ . It is well
known thatunionboundsarenot tight at bit errorprobabilitiesXZY²�Á�
� wyÀ . Similarly, Fig. 4 shows the bit error probabil-
ity asa functionof thenormalizedlineardensity Xmº³»4�6¼°½ for
SNR=14dB.Againweobservegoodagreementbetweenthean-
alytical resultsandbit-by-bit simulations.

IV. RECORDING SYSTEM PERFORMANCE

Theperformanceof concatenatedRS/modulationcodinghas
beenanalyzedin [9] asa function of the codeparametersand
thepolynomial ÂN���Ã6�I� �� # $&% N # Q # $&% N # Ã # 0 (16)

thatcharacterizesthebursterrordistribution at the input of the
modulationdecoder. This analysisappliesto bothstandardand
reverseconcatenationandemploysthesumof theprobabilityof
decodererror anddecoderfailure X � � �ÅÄ � � � asthe performance
measure.As anRSdecodererrorcanusuallybedetectedwith
additionalcyclic redundancy checkcoding, X � � �ÅÄ � � � is equiva-
lent to therereadprobability in disk drives,theprobability that
thesectoris readfor a secondtime aftera delayof onerevolu-
tion.

In thissectiontheperformanceof concatenatedRS/modulation
coding (standardand reverse)for generalizedpartial response
channelswill be analyzedbasedon the algorithmfor comput-
ing thepolynomial

ÂN���Ã6� thathasbeendiscussedin theprevious
section.Specifically, we will computetheprobabilityX � � �ÅÄ � � � �ÇÆ&È ´ �HÉËÊ¯ÌQ # $&% t ��ÍD� �¯Î�Ä �< v N # �D� . N�� Æ&È ´ �HÉËÊ¯Ì w #ÏÐÒÑQÓ¥$ Î � % ������Ã6� # � ÓjÔÕ 0 (17)

whereN[� � # $&% N # , ��ÍD� �¯Î�Ä � is thetotalnumberof recordedbits
per sectorand ����Ã6� is a polynomial that canbe expressedasa
function of

ÂN°��Ã6� [9]. The subscriptnotation ������Ã6� # � Ó indicates
thatthe Ö . th coefficientof thepolynomial ����Ã6� # is used.

In thefollowing weassumethatthedegree-4generalizedpar-
tial responsechanneldescribedin SectionIIIC is used. Fur-
thermore,arate16/17modulationcodeis employedin standard

concatenationwhereit is assumedthaterrorsat theinput of the
modulationdecodercausetwo bytesto be in error. For reverse
concatenationthesamemodulationcodeis usedto encodeuser
byteswhereasa rate8/9 modulationcodeis usedto encodeRS
parity bytes. At a normalizeduserdensity Xmº³»4�6¼°½ a � u L ×
Fig. 5 comparesthe performanceof standardandreversecon-
catenationschemesfor ���~� and4 interleavespersectorwhere
eachinterleavecancorrect�I� × bytes.After accountingfor the
rateincreasedueto RS andmodulationcodingthe normalized
channeldensityXmº³»4�6¼°½ is about3. It canbeseenthatreverse
concatenationpermitstheuseof threeinterleavedRScodewords
persector, whereasstandardconcatenationrequiresat leastfour
interleavedRScodewordspersectorto achievegoodoverallper-
formance.Finally, Fig. 6 shows X � � �ÅÄ � � � asa functionof � for
standardandreverseconcatenationschemeswith �­�Ø� and4
interleavespersectorwhereagain Xmº³»4�6¼°½ a � u L × . TheSNR
valueshavebeenselectedsuchthattheminimumof X � � �ÅÄ � � � is
in the rangeof �
� w %¥% to �
� w %ÅÙ L It canbe seenthat in all four
casestheoptimumRScoderateis about0.86.

V. CONCLUSIONS

The bit error and error event probabilities of Viterbi de-
tectorsfor generalizedpartial responsechannelsthat are cor-
ruptedby colorednoisehave beencomputedusingapproxima-
tions to union boundsand a modified depth-firstsearchalgo-
rithm. The performanceof standardandreverseconcatenated
RS/modulationcodingschemesfor generalizedpartialresponse
channelshasbeenanalyzedusingthesumof RSdecodererror
andRS decoderfailure probabilitiesas the performancemea-
sure.Computationshave shown that theoptimumRScoderate
for currentdisk drivedesignsis about0.86.
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Fig. 1. Recordingsystemmodel

Fig. 2. Equivalentdiscrete-timemodelfor theinnerchannel
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Fig. 3. Bit errorprobabilityasa functionof SNRfor ÚIÛ¾Ü2��Ý�Þàßâá
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